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We propose a new initial condition for the homogeneous and isotropic quantum cosmology, where the
source of the gravitational ﬁeld is a conformally coupled scalar ﬁeld, and the maximally symmetric
hypersurfaces have positive curvature. After solving corresponding Wheeler–DeWitt equation, we obtain
exact solutions in both classical and quantum levels. We propose appropriate initial condition for the
wave packets which results in a complete classical and quantum correspondence. These wave packets
closely follow the classical trajectories and peak on them. We also quantify this correspondence using
de Broglie–Bohm interpretation of quantum mechanics. Using this proposal, the quantum potential
vanishes along the Bohmian paths and the classical and Bohmian trajectories coincide with each other.
We show that the model contains singularities even at the quantum level. Therefore, the resulting wave
packets closely follow the classical trajectories from big-bang to big-crunch.
© 2008 Elsevier B.V. Open access under CC BY license.1. Introduction
In recent years, the question of construction and interpretation
of wave packets in quantum cosmology and its connection with
classical cosmology has attracted much attention. Moreover, some
attempts have done to construct a theory of quantum gravity and
ﬁnd its relation with classical physics. Some authors use the semi-
classical approximations for the Wheeler–DeWitt (WDW) equation
and consider the oscillatory or exponentially decaying solutions in
the conﬁguration space as classically allowed or forbidden regions,
respectively. These regions are mainly determined by the initial
conditions for the wave function of the universe. The no-boundary
proposal of Hartle and Hawking [1] and the quantum creation of the
universe from nothingness by Vilenkin [2] are two popular propos-
als for the initial conditions.
In quantum cosmology similar to the ordinary quantum me-
chanics, one is usually concerned with the construction of wave
functions by the superposition of the energy eigenfunctions which
would peak around the classical trajectories and follow them in
conﬁguration space, whenever such classical and quantum corre-
spondence is possible [3–5]. However, contrary to the ordinary
quantum mechanics, an external time parameter is absent in the
theory of quantum cosmology. Therefore, the initial conditions
would have to be formulated with respect to intrinsic time pa-
rameter, which could be taken as the local scale factor for the
three-geometry in the case of the hyperbolic WDW equation [6].
The construction of wave packets resulting from the solutions
of the WDW equation is a common feature of some investigations
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Open access under CC BY license.in quantum cosmology [7–10]. To be more speciﬁc, in Refs. [10,
11] the construction of wave packets in a Friedmann–Robertson–
Walker (FRW) universe with a minimally coupled self interacting
scalar ﬁeld is presented and appropriate initial conditions are mo-
tivated. In Ref. [12], the authors investigated (n + 1)-dimensional
quantum cosmology with varying speed of light and obtained exact
solutions in both classical and quantum domains. The wave pack-
ets are constructed in such a way that they completely correspond
to their unique classical counterparts. In Ref. [13], a class of spher-
ically symmetric Stephani cosmological models with a minimally
coupled scalar ﬁeld is studied in both classical and quantum lev-
els [14,15]. The aim of these investigations has been to ﬁnd wave
packets whose probability distributions coincide with the classical
paths obtained in classical cosmology. This means that the wave
packet should be centered around the classical path and its crest
should closely follow the classical trajectory.
Here, we study a minisuperspace model describing a closed
FRW universe with vanishing cosmological constant and contain-
ing a conformally coupled scalar ﬁeld. The issue of the conformally
coupled scalar ﬁeld quantum cosmology has been in vogue for
more than twenty years and basic results have been found by
several authors [3,4,16–27]. In particular, Page [20] has also stud-
ied this model and after solving the resulting WDW equation he
obtained the solutions for the positive, negative and zero curva-
tures. For the case of positive curvature, the WDW equation casts
into an oscillator–ghost–oscillator differential equation with well-
known solutions. Moreover, Barbosa [26] has used one or two
of these solutions to construct the wave packets and found the
Bohmian trajectories via de Broglie–Bohm interpretation of quan-
tum mechanics. Therefore, in contrast to the classical scenario, he
found some non-singular solutions. In fact, the Bohmian trajecto-
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linear combinations of eigenfunctions lead to different Bohmian
trajectories. On the other hand, since the underlying WDW equa-
tion is second-order hyperbolic functional differential equation, we
are free to choose the initial wave function and the initial slope
of the wave function. But classically, we have a unique solution.
Therefore, we encounter with a meaningful question: Is it possi-
ble to choose the initial condition in such a way that the resulting
wave packet completely corresponds to its unique classical coun-
terpart? In the previous investigations, using appropriate initial
conditions (expansion coeﬃcients), we could construct the wave
packets which completely simulate their classical counterparts [11–
13]. In particular, in Ref. [13], we obtained the wave packets so that
the quantum potential vanishes along the Bohmian trajectories. In
fact, the behavior of the quantum solution is strictly dependent
on the initial conditions imposed on the wave function. Here, at
the classical domain, the model is singular and we try to design
wave packets in such a way that they follow as closely as possible
the classical trajectories from big-bang to big-crunch. To achieve
this purpose, we propose a speciﬁc relation between the expansion
coeﬃcients or the initial wave function and its initial slope. More-
over, using WKB approximation we will show that the behavior of
these wave packets is in agreement with the classical motion.
The Letter is organized as follows: in Section 2, we present
the action of a homogeneous and isotropic quantum cosmology,
where the source of the gravitational ﬁeld is a conformally cou-
pled scalar ﬁeld, and the maximally symmetric hypersurfaces have
positive curvature. In Section 3, we quantize the model and obtain
the exact solutions of the corresponding WDW equation. We then
construct wave packets using the proposed initial condition. More-
over, using de Broglie–Bohm interpretation of quantum mechanics,
we quantify the classical and quantum correspondence and justify
the proposed initial condition. In Section 4, we state our conclu-
sions.
2. The model
Let us start from the Einstein–Hilbert action for the gravity plus
a conformally coupled scalar ﬁeld
S =
∫
d4x
√−g
[
1
16πG
R − 1
2
∇μφ∇μφ − 1
12
Rφ2
]
, (1)
where gμν is the four metric, g is its determinant, R is the scalar
curvature and φ is the scalar ﬁeld. Units are chosen such that h¯ =
c = 1. Here, we consider a minisuperspace FRW model with the
constant positive curvature and a homogeneous scalar ﬁeld as
ds2 = −N2(t)dt2 + a2(t)
[
dr2
1− r2 + r
2(dθ2 + sin2 θ dφ2)
]
,
φ = φ(t). (2)
Now, we substitute Eq. (2) in Eq. (1) and use the variable χ =
alpφ/
√
2, where lp is the Planck length (8πG = 3l2p). After discard-
ing total time derivatives and integrating out the spatial degrees of
freedom, we obtain the following action [20,26]
S =
∫
dt
[
Na − aa˙
2
N
+ aχ˙
2
N
− N χ
2
a
]
. (3)
This action results in the following Hamiltonian
H = N
[
− P
2
a
4a
+ P
2
χ
4a
− a + χ
2
a
]
= NH, (4)where Pa = − 2aa˙N and Pχ = 2aχ˙N are the canonical momenta con-
jugate to a and χ , respectively. These variables also satisfy the
following Poisson brackets{ {a,χ} = 0, {Pa, Pχ } = 0,
{a, Pa} = 1, {χ, Pχ } = 1. (5)
Using the above commutation relations and Hamiltonian equation
(4), we ﬁnd the equations of motion for the scale factor and the
scalar ﬁeld⎧⎪⎪⎪⎨
⎪⎪⎪⎩
a˙ = {a, H} = −NPa/(2a),
P˙a = {Pa, H} = 2N,
χ˙ = {χ, H} = NPχ/(2a),
P˙χ = {Pχ , H} = −2Nχ/a.
(6)
By choosing the gauge N = a, we obtain the following parametric
solutions for the system
a(t) = D sin(t),
χ(t) = D cos(t − θ0), (7)
where D and θ0 are constants. Also, we have used the zero en-
ergy condition for the super-Hamiltonian H = 0. It is obvious that
above solutions represent Lissajous ellipsis which are singular in
the present (t = 0) and in the future (t = π ).
3. Quantum cosmology and wave packets
Let us study the quantum cosmology aspects of the model pre-
sented above. The Hamiltonian can be obtained upon quantization
procedure Pa → −i ∂∂a and Pχ → −i ∂∂χ . Therefore, one arrives at
the WDW equation describing the corresponding quantum cosmol-
ogy [19,20,26]
HΨ (χ,a) =
{
∂2
∂χ2
− ∂
2
∂a2
− χ2 + a2
}
Ψ (χ,a) = 0, (8)
where we have used a particular choice of factor ordering and
for simplicity we have absorbed a factor of
√
2 into variables. It
is worth to mention that in the previous investigations [11–13],
we have also encountered with the same form of WDW equation.
There, we have constructed the wave packets in such a way that
they corresponded to the classical cases where θ0 = 0. As we shall
see, the usage of the real coeﬃcients for the even terms and the
imaginary coeﬃcients for odd terms in the expansion, results in
the symmetric solutions about a axis (θ0 = 0). Here, in order to
study the non-symmetric cases (θ0 = 0), we need to choose appro-
priate complex expansion coeﬃcients for both even and odd terms.
The WDW equation (8) is separable in the minisuperspace vari-
ables and solutions can be written as
Ψn(χ,a) = ψn(χ)ψn(a), (9)
where
ψn(z) =
(
1
π
)1/4[ Hn(z)√
2nn!
]
e−z2/2. (10)
In this expression, Hn(z) is the Hermite polynomial and the or-
thonormality and completeness of the basis functions follow from
those of the Hermite polynomials. The general wave packet which
satisﬁes the WDW equation (8) can be written as
Ψ (χ,a) =
∑
n=even
Anψn(χ)ψn(a) + i
∑
n=odd
Bnψn(χ)ψn(a). (11)
Since the potential in each direction is an even function, the eigen-
functions are separated in both even and odd categories. Now, the
initial wave function and its initial derivative take the form
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∑
n=even
Anψn(χ)ψn(0), (12)
∂Ψ (χ,a)
∂a
∣∣∣∣
a=0
= i
∑
n=odd
Bnψn(χ)ψ
′
n(0). (13)
Therefore, the coeﬃcients An determine the initial wave function
and the coeﬃcients Bn determine the initial derivative of the wave
function. Since the underling WDW equation (8) is second-order
hyperbolic functional differential equation, An ’s and Bn ’s are ar-
bitrary and independent variables. On the other hand, if we are
interested to construct the wave packets which simulate the clas-
sical behavior with known classical positions and momentums, all
of these coeﬃcients will not be independent. It is obvious that
the presence of odd functions of a dose not have any effect on
the form of the initial wave function but they are responsible for
the slope of the wave function at a = 0, and vice versa for even
functions. For studying the initial condition, let us consider the
differential equation for the small values of the scale factor. Near
a = 0, the WDW equation (8) takes the form{
∂2
∂χ2
− ∂
2
∂a2
− χ2
}
ψ(χ,a) = 0. (14)
This PDE is also separable in χ and a variables, so we can write
the solutions as
ψn(χ,a) = ψn(χ)ξn(a). (15)
By substituting this expression in Eq. (14), two ordinary differential
equations can be obtained
d2ξn(a)
da2
+ Enξn(a) = 0, (16)
−d
2ψn(χ)
dχ2
+ χ2ψn(χ) = Enψn(χ), (17)
where En ’s are separation constants. These equations are Schrö-
dinger-like equations with Ens as their energy eigenvalues. The
plane wave solutions are the exact solutions for Eq. (16)
ξn(a) = αn cos(
√
Ena) + iβn sin(
√
Ena), (18)
where αn and βn are arbitrary complex numbers. Eq. (17) is the
Schrödinger equation for the simple harmonic oscillator with the
well-known solutions (10). The general solution to Eq. (14) can be
written as
ψ(χ,a) =
∑
n=even
A∗n cos(
√
Ena)ψn(χ)
+ i
∑
n=odd
B∗n sin(
√
Ena)ψn(χ). (19)
Note that, this solution is valid only for small a. Now, we can ob-
tain the initial wave function and initial slope of the wave function
ψ(χ,0) =
∑
n=even
A∗nψn(χ), (20)
ψ ′(χ,0) = i
∑
n=odd
B∗n
√
Enψn(χ), (21)
where prime denotes the derivative with respect to the scale fac-
tor a. To have a complete description of the problem, we should
specify both of these quantities. On the other hand, since we are
interested to construct the wave packet with all classical prop-
erties, we need to assume a speciﬁc relationship between these
coeﬃcients. The prescription is that the coeﬃcients have the same
functional form [11–13] i.e.{
A∗n = C(n) for n even,
B∗ = C(n) for n odd, (22)nwhere C(n) is a function of n. In terms of Ans and Bns we have⎧⎨
⎩
An = 1ψn(0)C(n) for n even,
Bn =
√
En
ψ ′n(0)
C(n) for n odd.
(23)
Note that, we need to specify C(n) in such a way that the initial
wave function has a desired classical description. We will see that
this choice of coeﬃcients results in a complete classical and quan-
tum correspondence. Using Eqs. (11) and (23), we can explicitly
write the form of the wave packet
Ψ (χ,a) =
∑
n=even
1
Hn(0)
C(n)
Hn(χ)Hn(a)
π1/22nn! e
−(a2+χ2)/2
+ i
∑
n=odd
√
2n + 1
2nHn−1(0)
C(n)
Hn(χ)Hn(a)
π1/4
√
2nn! e
−(a2+χ2)/2. (24)
Although, in principle, we need to use inﬁnite terms to construct
the wave packet, for the studied cases a few terms are suﬃcient to
get a reasonable accuracy [28]. Therefore, we use 50 terms in the
above summation for all studied cases.
Fig. 1 shows the resulting wave packet for a particular choice
of initial condition C(n) = ζne−|ζ |
2/4√
2nn! , where ζ = |ζ |e−iθ0 . These co-
eﬃcients are chosen such that the initial wave function consists of
two well separated peaks. These two peaks correspond to classi-
cal initial (t = 0) and ﬁnal (t = π ) values of χ , respectively. As it
can be seen from Fig. 1, the square of the wave packet is smooth
and its crest follows the classical trajectory. In fact, we are free to
choose any other appropriate initial condition. For example, Fig. 2
shows the resulting wave packet with different form of the ex-
pansion coeﬃcients C(n) = n2ζne−|ζ |
2/4√
2nn! . Figs. 1 and 2 correspond to
two different classical description with D = 4, θ0 = π/8 (Fig. 1)
and D = 5.7, θ0 = π/4 (Fig. 2), respectively.
Now, let us consider the situation using the ontological inter-
pretation of quantum mechanics [29,30]. This formalism allows us
to compare quantum mechanical results with the classical ones.
Moreover, since time is absent in quantum cosmology we can re-
cover the notion of time using this approach. In de Broglie–Bohm
interpretation of quantum mechanics, the wave function can be
written as
Ψ = ReiS , (25)
where R = R(χ,a) and S = S(χ,a) are real functions of the scale
factor and the scalar ﬁeld and satisfy the following equations
− 1
R
∂2R
∂χ2
+ 1
R
∂2R
∂a2
+
(
∂ S
∂χ
)2
−
(
∂ S
∂a
)2
+ χ2 − a2 = 0, (26)
∂2S
∂χ2
− ∂
2S
∂a2
+ 2
R
∂R
∂χ
∂ S
∂χ
− 2
R
∂R
∂a
∂ S
∂a
= 0. (27)
Because of the form of the wave packet (11), it is more appropriate
to separate the real and imaginary parts of the wave packet
Ψ (χ,a) = x(χ,a) + iy(χ,a), (28)
where x, y are real functions of χ and a
x(χ,a) =
∑
n=even
1
Hn(0)
Re
[
C(n)
] Hn(χ)Hn(a)
π1/22nn! e
−(a2+χ2)/2
−
∑
n=odd
√
2n + 1
2nHn−1(0)
Im
[
C(n)
] Hn(χ)Hn(a)
π1/4
√
2nn! e
−(a2+χ2)/2,
(29)
y(χ,a) =
∑ √2n + 1
2nHn−1(0)
Re
[
C(n)
] Hn(χ)Hn(a)
π1/4
√
2nn! e
−(a2+χ2)/2
n=odd
4 P. Pedram / Physics Letters B 671 (2009) 1–6Fig. 1. Left, the square of the wave packet |ψ(χ,a)|2 for C(n) = ζn√
2nn! e
−|ζ |2/4, θ0 = π/8 and |ζ | = 4. Right, the contour plot of the same ﬁgure with the classical path
superimposed as the thick solid line.
Fig. 2. Left, the square of the wave packet |ψ(χ,a)|2 for C(n) = n2ζn√
2nn! e
−|ζ |2/4, θ0 = π/4 and |ζ | = 5. Right, the contour plot of the same ﬁgure with the classical path
superimposed as the thick solid line.+
∑
n= even
1
Hn(0)
Im
[
C(n)
] Hn(χ)Hn(a)
π1/22nn! e
−(a2+χ2)/2. (30)
These variables are related to R and S through Eq. (25) as
R =
√
x2 + y2, (31)
S = arctan
(
y
x
)
. (32)
On the other hand, the Bohmian trajectories which determine the
behavior of the scale factor and the scalar ﬁeld, are governed by
Pχ = ∂ S
∂χ
, (33)
Pa = ∂ S
∂a
, (34)
where the momenta correspond to the related Lagrangian (3) are
Pχ = 2χ˙ and Pa = 2a˙, in the gauge N = a. Therefore, the equations
of motion take the form2χ˙ =
x ∂ y
∂χ − y ∂x∂χ
x2 + y2 , (35)
2a˙ = − x
∂ y
∂a − y ∂x∂a
x2 + y2 . (36)
Using the explicit form of the wave packet (29), (30), these dif-
ferential equations can be solved numerically to ﬁnd the time
evolution of χ and a. In the left part of Fig. 3, we have shown
the square of the wave packet |ψ(χ,a)|2 for C(n) = ζn√
2nn! e
−|ζ |2/4,
θ0 = π/8 and |ζ | = 7. In the right part of this ﬁgure, we have de-
picted χ(t) and a(t) for classical (solid line) and Bohmian (dashed
line) trajectories. In fact, the obtained Bohmian quantities versus
time (χ(t) and a(t)) coincide well with their classical counterparts.
This shows the suppression of the quantum potential along the
trajectory due to the coincidence between classical and Bohmian
results [13].
For the case θ0 = 0, the momentum is not constant along the
classical trajectory P = 2D
√
sin2(t) + cos2(t − θ0). In fact, we can
also obtain some information about the classical momentum from
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2nn! e
−|ζ |2/4, θ0 = π/8 and |ζ | = 7. Right, plot of χ(t) and a(t) for classical (solid line) and Bohmian (dashed
line) trajectories.Fig. 4. The inverse of classical momentum P−1 (dashed line) and the square of
the wave packet |ψ(χ,a)|2 along the classical trajectory (solid line) for C(n) =
ζn√
2nn! e
−|ζ |2/4, θ0 = π/4 and |ζ | = 4 versus t .
the shape of the wave packet. For this purpose, we use WKB
approximation. In semiclassical approximation, the square of the
wave function up to the ﬁrst order is related to the momentum as
|ψ |2 ∝ 1
P
. (37)
This equation has a simple interpretation. The low momentum cor-
responds to the high probability density and vice versa. Fig. 4
shows the square of the wave packet |ψ(χ,a)|2 along the clas-
sical (Bohmian) trajectory which is parameterized with time and
the inverse of the classical momentum P−1 versus time. As it can
be seen from the ﬁgure, the height of the crest of the wave packet
qualitatively shows the variation of the classical momentum along
the trajectory. The low consistency between these two quantities
is due to the approximate nature of Eq. (37).
4. Conclusions
We have studied a closed homogeneous and isotropic quan-
tum cosmology model in the presence of a conformally coupledscalar ﬁeld. We have proposed a new initial condition which re-
sults in a complete classical and quantum correspondence. In fact,
since the WDW equation is second-order differential equation, we
are free to choose the initial wave function and the initial deriva-
tive of the wave function. This means that we are also free to
choose the expansion coeﬃcients. Since we are interested to have
a consistency between classical and quantum solutions, we need
to impose a particular relation between the coeﬃcients. In this
Letter, we proposed a particular relation between even and odd ex-
pansion coeﬃcients. These coeﬃcients determine the initial wave
function and its initial derivative, respectively. In other words, this
proposal deﬁnes a connection between position and momentum
distributions with two properties at the same time. First, they cor-
respond to their classical quantities and second, they respect the
uncertainty relation. To quantify the classical and quantum corre-
spondence, we have also studied the situation using de Broglie–
Bohm interpretation of quantum mechanics. In fact, the Bohmian
trajectories highly depend on the choice of the expansion coeﬃ-
cients and various linear combinations of eigenfunctions lead to
different Bohmian trajectories. Therefore, although the inconsis-
tency between classical and Bohmian solutions is natural in most
cases, the quantum scenario is not always different from the clas-
sical scenario. In this Letter, we have tried to construct the wave
packets which peak around the classical trajectories and simulate
their behavior. We showed that Bohmian positions and momenta
coincide completely with their classical counterparts upon choos-
ing arbitrary but appropriate initial conditions. Moreover, using
WKB approximation, we qualitatively obtained the classical vari-
ation of momentum along the path without utilizing the classical
equations of motion.
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